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Abstract 

This paper focuses on the embedding problem of linear fractional 
maps which explains when a linear fractional self-map can be a member 
of a semi-group of self-maps of Bat. 
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1 Introduction 

Let Bn be the open unit ball of and H(Bn) the collection of holomorphic 
functions defined on B^. Cowen and MacCluer discussed a class of self- map 
called linear fractional map based on the research of automorphism of B^ 
in [8]. A linear fractional map <p is given by 

, , Az + B 
cp(z) 



(z,C) + D' 

where A G C NxN , B G C N , C G and D £ C satisfy several conditions. 
Properties of linear fractional maps have been deeply studied. We refer the 
reader to the excellent papers written by Cowen and MacCluer Bayart 
[HE], Bisi and Bracci [3], Jiang and Ouyang [9] etc. 

The following theorem is the Denjoy- Wolff Theorem corresponding to 
the one dimensional case: ([TO]) 
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Theorem 1.1 (D enjoy- Wolff Theorem on Bjsj) Suppose that ip is a holo- 
morphic self-map of Bjy without interior fixed points. There is a unique 
w G BBn such that the iteration series {(f n } converges to w uniformly on 
compact subsets of B^. 

w in the above theorem is called the Denjoy- Wolff point of ip. According 
to Theorem 1.3 in [ID], there is a positive number 5 G (0, 1] such that 



5 will be defined as the boundary dilation coefficient of ip at w, or simply 
the boundary dilation coefficient of ip. With the help of Denjoy- Wolff point 
and boundary dilation coefficient, the holomorphic self- maps of Bn will be 
assort by the following definition: 

Definition 1.2 Suppose ip is a holomorphic self-map of Bn- 

1. ip is elliptic if ip has at least one interior fixed point; 

2. ip is hyperbolic if p has no interior fixed point and boundary dilation 
coefficient 5 G (0, 1); 

3. ip is parabolic if ip has no interior fixed point and boundary dilation 
coefficient 5 = 1. 

A continuous semigroup {ipt} of H (-Bjv) in Bn is a continuous homomor- 
phism from the additive semigroup of non-negative real numbers into the 
composition semigroup of all holomorphic self-maps of Bn endowed with the 
compact-open topology (Definition ^. 6p . As for theories about semigroups in 
the unit disc B which has been deeply studied and applied in many different 
contexts, we refer the reader to Shoikhet |13] and references therein. 

As to semigroup of linear fractional self-maps in the case of higher di- 
mension, Bracci and co-workers [5] gave a complete classification up to con- 
jugation of continuous semigroups of linear fractional self-maps of Bn, and 
in [6J , they characterized the infinitesimal generator of a semigroup of linear 
fractional self-maps of Bn and solved the embedding problem on ID from a 
dynamical point of view. 

In this paper, we considered the embedding problem for semigroups of 
linear fractional self-maps on B at. This problem may be completely solved 
when the linear fractional self-map ip is elliptic. In the non-elliptic cases, 
some sufficient conditions about the embedding problem were given when 
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(p is normal. According to these conditions, the embedding problem when 
the dimension N = 2 could be solved. These conditions also give an an- 
swer to the embedding problem when the linear fractional self-map was an 
automorphism. 

2 Background material 

Suppose that A G C NxN , the spectrum of A will be denoted by a (A), and 
the spectra radius 

p(A) =max{|A| : A G a (A)} . 

Let A H be the conjugate transpose of A, and \\A\\ be the spectra norm of 
A, i.e. 

\\A\\ = p (A H A) 1 = sup \Ax\. 

xec N ,\x\=i 

Given a matrix A G C NxN , 

exp (A) = V — 

TV. 

n=0 

may be defined as the exponential of A, where ^4° = E, A n = A A, 

n times repeated, for n > 1. The exponential of a matrix will always be 
defined. 

There is a classic proposition about matrix analysis. ([3], P241, Theorem 

71) 

Lemma 2.1 Given any invertible matrix A G C NxN , there exist a matrix 
M such that exp (2iriM) = A. If M is triangularly blocked of some type, 
then so are the matrices M . The eigenvalues of any two such M can only 
differ by integers, and there is a unique matrix M whose eigenvalues have 
real parts in the half-open interval [0, 1). 

Definition 2.2 Let M G C NxN , we say that M is dissipative if for any 
w G C^, 

Rew H Mw < 0. 

Proposition 2.3 (Phillips-Lumer, fSj/) For any t G R, ||exp (£M)|| < 1 if 
and only if M is dissipative. 

It would be easier to verify whether M is dissipative or not in the case 
that M is normal. 
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Proposition 2.4 Let M G C be normal. Then M is dissipative if and 
only if ||exp (M)|| < 1. 

Proof. Suppose firstly that ||exp (M)|| < 1. Based on MM H = M H M, 
exp (M) exp (M) ff = exp (M + M H ) . 

Since 

1 1 exp (M)f = p (exp (M) exp (M) H ) , 
for any A G cr (M + M H ) , we see that 

|exp (A) | < 1, 

therefore, Re A < 0. Further more, A < results from that M + M H is a 
hermitian matrix. As a consequence, for any w G C^, we get 

(M + M H )w < 0, 

or 

Re w H Mw < 0. 

Therefore M is dissipative. 

Otherwise, if M is dissipative, for any t 6 R, 

||exp(iM)|| < 1 

according to Phillips-Lumer's theorem. Let t = 1, we obtain 

||exp(M)|| < 1. 

■ 

We denoted by LFT (5at) the set of linear fractional self-maps of B^. 
Let V be an one dimensional affine subset of and let 

s = b n n v, 

S would be called a slice of B^. The direction subspace of S is defined by 

Vs := span{s — s' : s, s' G S}. 

For a collection of slices {Sj : j = 1, 2, ■ ■ ■ ,p} of B^, if the dimension of the 
subspace spanned by the corresponding direction subspaces {Vs 1 , ■ ■ ■ , Vs p } 
equals to p, then {Sj : j = 1, 2, ,p} is said to be linear independent. 
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For any tp G LFT (-Bat) and any slice S of Bn, if tp (S) C S, S would be 
called an invariant slice of tp. Let 

#inv {ip) = dim (span {Vs ■ S is an invariant slice of ip}) . 

Then two conclusions are drawn: #dnv(</?) = if and only if tp has no 
invariant slice; #inv(y?) = 1 if and only if tp has only one invariant slice. 
(For more discussion about slice see [5].) 

Definition 2.5 Suppose ip is a self-map of B^, zq G Bn is a fixed point of 
<p. L{j (tp, zq) is defined as the unitary space of tp at zq if 

Lu (ip, z ) = ^ ker {dip Zo - \E) N . 
\\\=l 

The dimension of Lu (ip,zo) is termed the unitary index of ip at zq which is 
denoted by u (ip, zq) . 

As Lemma 3.1 in [5] has shown, u (93,^0) = u (^^ z i) f° r an Y two fixed 
point of ip. Thus the unitary index of <p is usually denoted by u (ip). 

Definition 2.6 For any open subset U of C N , the collectivity of holomor- 
phic self-maps of U is denote by H (U,U). {ipt : t > 0} C H (U,U) is a 
semigroup of holomorphic self-map if 

1. ipo = idjj, where idjj : U —> U is the identity map; 

2. ip t+s = iptOip s , for ant s,t> 0; 

3. ipt converges uniformly on compact subsets of U when £ — > + . 
Throughout this paper, {<pt} is called a semigroup for short. 

An element of a semigroup {ipt} is said to be an iterate of {ipt}- There 
are many special properties of semigroup {ipt}, for instance, 

• every iterate of {ipt} is an injection; 

• if one of the iterates is an automorphism, then all of the iterates are 
automorphism; 

• for any z G U, the map t^-ipt (z) is real analytic. 

Semigroups whose iterates are linear fractional maps of Bn have been 
discussed at [5]. The following is some of the conclusion: 
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Theorem 2.7 Suppose {(ft} is a semigroup of H{B^,B^). If there is a 
to G (0, +00) such that ft is an elliptic (hyperbolic or parabolic) self-map, 
then for any t G (0, +00), ft is elliptic (hyperbolic or parabolic). Further 
more, if <pt is non-elliptic, then all the iterates of {ft} share the same 
Denjoy- Wolff point. 

According to the above theorem, a semigroup of linear fractional self- 
maps can be divided into type of elliptic semigroup, type of hyperbolic 
semigroup and type of parabolic semigroup. 

On the other hand, in every semigroup of linear fractional self-maps {ft} 
of -B/v there is a holomorphic map G : Bjy — > such that for any t > 0, 




= Go(p t . 



The above map G is said to be the infinitesimal generator of {(ft} ■ Besides, 
one semigroup has only one infinitesimal generator and vice versa (c.f. [6]). 

A linear fractional map ip can be embedded into a semigroup composed of 
linear fractional self-map {ft} if f is a iterate of {ft} ■ Simple computation 
shows that if f : Bjy — > is conjugated to ip : U U, which means that 
there is a biholomorphic map o between B^ and U, such that 

ip = a o ip o a 1 , 

if can be embedded into some semigroup if and only if tjj can be embedded 
in to some semigroup. Therefore, the study of the embedding problem of 
semigroup will based on the meaning of conjugation. 



3 Normal forms of linear fractional self-maps 
3.1 The elliptic cases 

Let f G LFT (Bn) be elliptic, f has at least one interior fixed point. 
Therefore, f is supposed to fix the origin throughout no more than one 
automorphism. In this case, for any z £ Bn, 

( \ Az 

where A G C NxN , C G C N . By F = Fix (f) is meant the collection of 
fixed points of f. According to [12], F is the intersection of Bn and some 
subspace of C . The dimension of this subspace is denoted by p . Let 
u = u (f) which is the unitary index of f at the origin. 
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Proposition 3.1 Let A G C NxN , and \\A\\ < 1. If X is an eigenvalue of 
A with |A| = 1, then the geometric multiplicity of X is equal to 1. 

Proof. According to Schur's Triangularization Theorem (P508, [H]), there 
is a unitary matrix U 6 C NxN and an upper-triangular matrix 

A a±2 ■ ■ ■ aiN 
OX2* 



V/V 



such that 



A = U H TU. 



\T\\ < 1 for \\A\\ < 1. 

Suppose there is a subscript i such that an / 0. Let 



A 



z\ = 

be a vector of with 
and 

/ _ 
AA 



1 + \au 



1 + |aii 



Tz\ = 
Therefore 



+ 



y V 1 + \ a u 



\ z \\ 



aua\i 



1 + \au 



1 + \aii 



\\Tz x \\ > ^l + lai,! 2 , 

and the inequality above contradicts to the fact that ||T|| < 1. As a conse- 
quence, an = for all i = 2, • • ■ , n. This means that the proposition holds. 



Proposition 3.2 Let (p 6 LFT (L>n) be elliptic with unitary index u (ip) > 
1. Then ip is conjugated to tp G LFT (Bn) with 

^(z',z") = {Az',A lZ "), 

where (z' , z") £ <C U x C N ~ U n -Bat, A is a diagonal and unitary matrix of 
order u and A\ is a matrix of order N — u with spectral radius p (A\) < 1, 

Pill < !■ 
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Parts of the following idea come from the proof of Theorem 4.3 in [5]. 
Proof. Resulting from the previous discussion, we may assume that 



<p(z) 



Az 



(z,C) + l 



Simple computation indicates that the Jacobi matrix of 92 at the origin 
dtpo = -A- According to Schwartz's lemma (see [12])) \\A\\ < 1. As a 
consequence of Rudin's version of the Julia- Wolff-Carathedory theorem (see 
|12j). there is at least one eigenvalue of A which modules equals 1 since u > 1. 
Due to Proposition 13.11 there is a unitary matrix U, such that 



U H AU 



A 



where 



A 



Ai 



A ti 



and I Aj| = 1 for j = 1, 2, ■ ■ ■ , u. A\ is a matrix of order N — u with || A\ \\ < 1 
and p (Ai) < 1. 
Let 



<P! (z',z")=U H &(Uz)) = U H ( 



AUz 



(Uz,C) + l 
U H AUz (Az',A lZ ") 



{z,U H C) + l {z,U H C) + V 

where (z' , z" ) G C" x C 7 ^" n B N . Eventually, (pi is conjugated to <p. We 
denote 

iN—u 



thus 



U H C= (c',c") eC" 

(Az',A lZ ") 



ft (z',z") 



(z',c') + (z",c") + l 
(fit ({(z',0) £C"x C*-" : \z'\ < 1}) C {(z',0) ECx C n ' u : \z'\ < l}, 

Az' 



con- 



sequently 



V? 2 {z')= Vl {z',0) 



(z',c') + l 



8 



is a self-map of the unit ball in C u and 

d((p 2 ) = A. 

On the basis of Schwartz's lemma on the ball, ip 2 is linear and as a conse- 
quence d = 0. As a result, 



<Pi ( z ) 



(Az',A lZ ") 



We define 



(z",c") + l 
z t =(^l-*\d>\ 2 d 1 ,-td^, 



then for all t G [0,1], 

\z t \ 2 =^i-t*\c>fy + t*\c»\ 2 =i, 



and 



fi ( z t) 



(^Jl-t 2 \c"\ 2 Ae[, -tAiA 
(-tc",c") + 1 
y/l-PldfAel, -tAid'^j 



We obtain 



\<Pi(zt)\ 2 > 



l-t\d'\ 



l-t 2 \d'\ 2 



(l-t\d>\ 2 ) 



2 ' 



d_ 
~dt 



l-t 2 \d'\ 2 



\d'Y 



(l-t\df) J {t\d'\ 2 -l)' 



(t-1). 



1— t \c"\ 

Consequently for all t G [0, 1), ^ - 1S decreasing for t. Therefore when 
t > 0, 

|</>i (^)l 2 > Jim- 



l-t 2 \d'\ 2 



(l-t\df) 
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It is impossible since tpi (Bn) C Bn and tpi is holomorphic. As a conse- 
quence, c" = O and 

<p 1 (z) = (Az',A 1 z"). 



Proposition 3.3 Let <p be a elliptic linear fractional self-map of Bn- Sup- 
pose that ip has a unique interior fixed point and unitary index u (ip) = 0. 
Then ip is conjugated to ip G LFT {Bn) with 

Az 



8{z, yA H — Ej ei ) + l 

where A is a matrix of order N with p (^A^j < 1, A < 1 and 5 G [0, 1]. 

Proof. Without loss of generality, we suppose that the unique interior fixed 
point of ip is the origin. For any z G Bn, 

Az 

ip(z) 



<*,C> + 1' 

where A £ C NxN , C G C^. As a result, \\A\\ < 1. Due to the previous 
lemma, (p has at least one invariant slice if there is a eigenvalue of A such 
that |A| = 1. This conclusion is not established since u = 0. Therefore, 
p (A) < 1, both A - E and A H - E are invertible and there exists a vector 
V G C N such that 

C =(A H - E) V. 
On the other hand, there is a unitary matrix U such that 

U H V = Sex, 

where <5 = |V|, d = (1, 0, ■ ■ ■ , 0) T Let tp (z) = U H o ip o U (z), A = U H AU, 
then 

U H AUz U H AUz 

<p{z) 



{Uz,C) + l (Uz, {A H - E) V) + 1 

U H AUz U H AUz 



{z, U H (A H - E) V) + 1 {z, (U H A H U - E) U H V) + 1 
Az 



S(z, (A H -E) ei) + l" 
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Simple computation shows that 

W = / 777TH 

5(zA[AA -E] ei ) + 1 



Since (p n (Bn) C -Bat for every n G N, 

<jf (A n ) H -E) ei < I. 



j4 ra — )• O when n tends to infinity since j4 and A have the same spectrum. 
This conclusion leads to S G [0, 1]. ■ 

3.2 Non-elliptic cases 

The Siegel half-plane domain of is defined by 

M N = G C x C^ 1 : Imni > K| 2 } . 

M N is biholomorphic with Bn via the Cayley transformation: 

1 + z\ iz' 



cr(z 1 ,z') 



1 — Z\ \ — Z\ 



Every linear fractional map on Bn is conjugated to a linear fractional map 
on M since a is a linear fractional map. Besides, the following lemma can 
be drawn. 

Lemma 3.4 Suppose ip G LFT (Bn) be non-elliptic with boundary dilation 
coefficient a = a (ip) . Then ip is conjugated to a self-map <p of M N with 



ip (z, w) = (Xz + 2i (w, a) + b, Mw + c) , (z, w) G 



where c G C, b, d G 1 , M G 1 ) x ( iV x ). Conversely, such a map is a 
self-map of M N if and only if 

(PI) Q:= XI - M H M is a hermitian positive semi- definite matrix; 

(P2) Im (6) - |c| 2 > (Q+ (M*c - a) , M*c - a) where Q + is the pseudo- 
inverse of Q (for more details about pseudo-inverse, we refer to /II] /. p422); 

(P3) QQ+{M*c-a) = M*c-a. 
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Proof. This lemma is a modified version of theorem 4.1 of [5]. The only 
difference is (-P3). In fact, the corresponding condition is M*c — a belongs 
to the space spanned by the columns of Q in Theorem 4.1 of [5] . That is to 
say, there is a vector x G C^ -1 such that 

Qx = M*c — a. 

According to [TT], this equation has at least one solution if and only if 

QQ + (M*c-a) = M*c-a 

holds. ■ 

The following lemma about normal forms of parabolic linear fractional 
self- maps results from section 2 of [I]. 

Lemma 3.5 Let p> G LFM (Bjy) be parabolic. Then (p is conjugated to 
ij) G LFM (U N ) with 

ip (z, u, v, w) = (z + 2i (u, a) + 2i (w, c) + b,u + a, Dv, Aw) , (1) 

where 

1. D is diagonal, a(D) C <9B\{1}; 

2. Q = L — A H A is a hermitian positive semi-definite matrix; 

3. Im(6) - \a\ 2 > (Q + c,c); 

4. QQ + c = c. 

Sometimes there are no u or no v or no w appeared in (TJJ). Further 
more, due to theorem 4-4 of JEj, we may assume that a = if cp has 
at least one invariant slice. 

Theorem 3.6 Let ip G LFT (£?jv) be hyperbolic. Then <p is conjugated to 
V> G LFT (W N ) with 

ip (z, u, v, w) = (^Xz + b, V\u, y/XDv , VXAw + cj , 

where 

1. D is diagonal, a (D) C T\ {1} ; 

2. Both Q = L — A H A and P = L — AA H are hermitian positive semi- 
definite matrix; 
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3. Im (b) > (P + c, c) where P + is the pseudo-inverse of Q; 

4. QQ+A H c = A H c. 

Proof. Let (p G LFM (Bn,Bn) be hyperbolic. According to theorem 4.1 
in [5], (p is conjugated to a self-map (p of with 

<p (z, W) = (Xz + 2i (W, a) + b, MW + c) , (z, W) G M N , 

where c G C, 6, d G C^ 1 , A G C^ -1 )*^ -1 ) satisfy the following condi- 
tions: 

(1) Qm '■= XI — M H M is a Hermit semi-definite matrix; 

(2) Im (6) - |c| 2 > {Qlj (M*c - a) , M*c - a) where Q + is the pseudo- 
inverse of Q, 

(3) QMQlt (M*c -a) = M*c - a. 
We may assume that 



since 




where D is diagonal with a (D) C dH>\ {1} and p (A) < 1, ||A|| < 1. That is 
why <p could be written as the following form: 

if(z,W) = (\z+2i (u,ai)+2i (v,a,2)+2i (w, a^)+b, y/Xu+ci, vXDv+C2, VXAW+C3). 
Let r be an automorphism of which preserves 00 with 
t(z,W) = (z + 2i(W,j) + /W + 7) 

and 

t- 1 (z, W) = (z- 2% (W, 7) - + 2i |7| 2 , W - 7). 
We set ^1 = t o ip o r -1 , then 

r/>! (2, W) = (Az + 2i (W, a) + b, v^u + (l - Vx) 71 + d, 

y/XDv + f I - VXD) 72 + 02, V\Aw + ( I - VXA) 73 + c 3 ) 
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for some a, b. Choose and 72 such that ^1 — V~X) 71 + C\ = and 
(l - VXD) 72 + C2 = 0, we can obtain 

fa ( z , W) = (Xz + 2i (u, di) + 2i (v, a 2 ) + 2i (w, a 3 ) + b, VXu, VXDv, VXAw + £) . 
Let 

Q = XI-VX\ D ) VX\ D ) = A I 

V A J \ A J \ I — A H A 

Q is hermitian semi-definite positive matrix since fa is a self-map of M N 
fixing 00. As a result, I — A A is hermitian semi-definite positive. We may 
get cti = 0, d,2 = based on (3) and 







+ 



(l-A H Ay 

Let t\ be an automorphism of M N with 

ri (2, u,v,w) = (z + 2i (w,j) + /3i,u,v,w + 7) , 
rf 1 (z, u, w) = (z - 2i (w, 7) — /3± + 2i I7I 2 , u, t>, u; — 7^ . 

Let ijj = t o ipi o t _1 , thus 

V> (z, u,v,w) = t o ^ — 2i (w, 7) — /3i + 2z I7I 2 , v, w — 7^ 

= r (A - 2i (w, + 2i \j\ 2 ) +2i{w- 7, a 3 ) + 6, VXDv, VXA (1 

= (Az + 2i ^w, a 3 + \/AA H 7 - A7^) + 61, VXu, VXDv, VXA + ci) . 

We may choose 7 such that 03 + VXA H j — A7 = since p {A) < 1. If we 
write 61 as 6 and C\ as c again, the result will be 

Y> (z, u, f , it;) = (Xz + 6, \/Au, VXDv, VXA + . 

According to (1), (2) and (3), we obtain 

• Both Q = I — A H A and P = I — AA H are hermitian positive semi- 
definite matrix; 
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• Imb- \c\ 2 > (Q+A H c,A H c); 

• QQ + A H c = A H c. 

Let A = U"EV be the singular value decomposition of A, namely U and 
V are unitary, S is diagonal and the coefficients on the diagonal of S are 
non-negative. Let 

" / " 
B 



where 1 ^ a (B). According to this decomposition 

Q = v H [l I \^Q + = v H 
p = u\° n r 1 U H ,P + = U 





Lo (i-b 2 )- 1 





LO (I-B 2 ) 



v, 



and 



QQ + A H c = V H 
Therefore, QQ + A H c = A H c is equivalent to 




B 



U H c. 



I 




U H c = 0. 



Consequently, 

(Q + A H c,A H c) + \c\ 2 = c H U 



I 
B 



vv 



H 











c H U 



c H U 




B 2 (I-B 2 ) 



{I-B 2 )' 1 
<P+ C ,c>. 



(/-£? 2 ) 
j U H c + c H U 



VV 



H 




/ 



/ 
B 

U H c 



U H c+\c[ 



U H c 



The proof of the theorem above actually has proved the following corol- 
lary: 
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Corollary 3.7 Let (p G LFT (-Bjv) hyperbolic. Then p is conjugated to 
V> G LFT (M N ) with 

ip (z, u, v, w) = (^Xz + 2i (uu, a) + b, VXu, \f~XDv, VXAw + cj , 

where 

1. D is diagonal, a (D) C £©\{1} ; 

2. Q = L — A H A is hermitian positive semi-definite matrix; 

3. Im(6)-|c| 2 > (Q + (a h c- -^j ,A H c- where Q + is the pseudo- 
inverse of Q; 

I QQ + (A*c-%)=A*c-%. 

In the case of parabolic automorphism, the following two corollaries are 
formed according to Proposition 4.3 in [5] and Lemma 13.51 

Corollary 3.8 Let if be a parabolic automorphism of B^. Then ip is con- 
jugated toil) G Aut (B. N ,B. N ) with 

t/j (z, u, v) = [z + 2i (u, a) + i \a\ 2 + b, u + a, Dv^j 

where b is a real number and D is diagonal, a (D) C dO\ {1}. 

Corollary 3.9 Let ip be a hyperbolic automorphism of B^, then ip is con- 
jugated to ip G Aut (U N ,U N ) with 

ijj ( z , w) = (Xz + b, y/XUW^j 

where (z,W) G CxC^ -1 , b is a real number and U is a unitary matrix. 

4 Embedding problems 
4.1 The elliptic case 

Owing to the previous discussions, we would consider the embedding prob- 
lem of the normal forms only. 
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Theorem 4.1 Let ip G LFT (Bn) be elliptic with 

tp(z',z") = (Az',Az") 

where A is a diagonal unitary matrix and p(A) < 1, \\A\\ < 1. (p can be 
embedded into a semigroup of linear fractional maps of Bn if and only if 
there is a dissipative matrix M and a (M) is a subset of the left half plane 
such that 

exp (M) = A. 

Proof. We can find a real diagonal matrix O such that A can be written as 

A = exp (i@) , 

for A is a diagonal unitary matrix. 

Suppose firstly that there is a dissipative matrix M such that exp (M) = 
A. Hence, 

ip , z") = (exp (i@) z' , exp (M) z") . 

Let 

(pt (z', z", z'") = (exp (it&) z', exp (tM) z") . 

(pt (Bn) C Bn since ||exp («tG)|| = 1 and ||exp (tM)|| < 1. Moreover, tpt+ s = 
(pt o ip s = ip s o p t . As a result, {(pt} is a semigroup of B^ with (p\ = ip. 

On the other hand, if <p can be embedded into a semigroup of linear 
fractional self-maps {<pt}, ft is conjugated to the following linear fractional 
map owning to Theorem 3.2 of [5]: 

rp t (z',z") = (exp (it&\ z',exp {tM^j z"^j , 

where is a real diagonal matrix, M is dissipative and all eigenvalues locates 
on the left half plane. Suppose that the corresponding index of ip is to. Thus 
ip is conjugated to 

ipto {z ,z") = (exp (rt ®) z',exp [t Q M^ z"j . 

There are unitary matrixes U and V such that 

A = U H exp (it e) U and A = V H exp (t M) V = exp (t V H MV) , 

for every automorphism oi Bjy which fixes the origin is a unitary transfor- 
mation. Let M = t Q V H MV. Therefore, 

A = exp (M) 
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where M is dissipative and all eigenvalues locate on the left half plane. ■ 
We will make use of the following generalization of Berkson-Porta's cri- 
terion due to Aharonov, Elin, Reich and Shoikhet (see Theorem 1.3, [I]): 

Lemma 4.2 Let F : — > C N be holomorphic. F is the infinitesimal 
generator of a semigroup of holomorphic self-maps of fixing the origin 
if and only if 

F(z) = -Q(z)z 

where Q (z) is a matrix of order N with holomorphic entries such that 

Re (Q (z) ,z)>0. 

Due to the above discussion, we can prove the following theorem. 

Theorem 4.3 Let <p £ LFT (Bn) with unique interior fixed point and 

Az 

(p{z) 



S(z, (A H — E) ei) + l' 



where 5 £ [0, 1], e\ = (1,0, •• • ,0) T . (p can be embedded into a semigroup of 
linear fractional self-map of Bn if and only if there is a matrix of order N 
such that A = exp (M), and 



Re 



(Mz,z) -S(Mz,ei) \z\ 2 



> 0. 



Proof. Due to [12], A and <p share the same fixed point. As a consequence, 
1 is not an eigenvalue of A since ip has only one interior fixed point. 

If <p can be embedded into {^t} which is a semigroup of linear fractional 
self-maps of B^. Without loss of generality, we may assume that (p = (pi. 
Due to Theorem 3.2 of [5], there is a matrix M such that 

, , exp(tM)z 
ft (z) ~ 



5{zA exp (tM) H - E ) e x ) + 1 



A = exp (A) for (p = (px- Easy computation gives 

j t (p t (z) = (M-5 (M<pt (z) , ex) E) <p t (z) 

Thus 

F(z) = (M — S {Mz, ex) E) z 
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is the infinitesimal generator of {(ft} ■ By Lemma 14.21 we obtain 

Re ((M - 5 (Mz, e x ) E) z, z) = Re \(Mz, z) - 5 (Mz, ei ) \\z\\ 



> 0. 



On the other hand, if there is a matrix M such that A = exp (M), and 



Re 



(Mz,z) -6(Mz,et) \z\ 



> 0. 



then F (z) = (M — 5 (Mz, ei) E) z is the infinitesimal generator of some 
semigroup. Denote this semigroup by {924}, then 

j t y t (z) = F(cp t (z)). 

Hence we have the following differential equalities 

£ t <p t (z) = F(ip t (z)) 
ipo (z) = z 

such an initial problem has unique solution according to the theory of dif- 
ferential equation. Due to the previous discussion, 



<f>t (2) 



exp (tM) z 



6 ( z, ( exp (tM) H -E) ei ) + 1 



is just the solution of this equation. Therefore {ft} is a semigroup of linear 
fractional self-maps of Bn with 

<Pi ( z ) = f( z )- 



4.2 The parabolic cases 

The embedded problem of non-elliptic case is much more complicated than 
the cases of elliptic ones. Some known conclusion can be found in [5]. 

For any a, f3 G C, a G C p , D G C qxq , A G C rxr , let 

r (z, W) = (z + 2z (u, a) + /3, n + a, Z>y, to) , 
/) (z, W) = (z + 2i {w, c) + a, u, v, Aw) . 

Easy computation shows that 



t o p = p o r. 
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Theorem 4.4 Let ip G LFT (W N ) be parabolic with 

ip (z, u, v, w) = (z + 2i (u>, c) + b, u, v, Aw) , 
where p(A) < 1 and \\A\\ < 1. Let 

exp (M) = A, 

and 

ct=(l - exp (M) H ^j 1 (7 - exp (tM) H ) c, 

Q t = I - exp (iM) H exp (tM) , 
bt = 46. 

// 

1. M is dissipative; 

2. for any t > 0, tlmb > A - * (Q+c t ,c t ) , 

3. Q t Qtct = c t , 

then tp can be embedded into a semigroup ofM N . 
Proof. Let 

ipt (z, u, v, w) = (u + 2i (w, ct) + h, u, v, exp (tM) w) . 

tpt is a self-map of W N for every t > according to Theorem 13.41 for any 
t > 0. When t = 0, we have 

Co = 0, b = 0, exp (0M) = E. 

Thereby, 

ipo (z, u, v, w) = (z, u, v, w) . 
Direct computation shows that for any s,t > 0, 

1p s O 1p t = 1p t O lf) s = 7p s+t . 

That ifit converges uniformly on compact subset of M N is clear. As a 
consequence, {ipt} is a semigroup of H . Due to ip\ = ip, tp can be embedded 
into a semigroup of H . ■ 

We will consider the case that the matrix B showed up at the previous 
theorem is normal. Up to a conjugation with an automorphism, we may 
suppose that B is diagonal. 
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Lemma 4.5 Let 

, , . 1 + exp (— 2iu) — 2 exp (—tit) cos (i>t) 

h(U,V,t) = -, 7 TT . 

v ' ' (1 - exp (— 2tu)) f 

T/ten 

(it, -u, t) < lim /i (it, v, t) = — (v 2 + v 2 ) 
t-»-o+ 2it v 7 

for any u > 0, v > 0, t > 0. 

Proof. Rewrite /i (it, u, t) by 

(1 — exp (— tu)) 2 exp (— tu) (1 — cos (ft)) 
(U ' M) = (1 + exp (-tu)) t + (1 - exp {-2tu)) t 
A 



We obtain 

Let 
Then 



hi (it, t) + h 2 (u,v,t) 

dh! 



^ = , f e 2 ^ + 2tne-'« - l) . 

8t t 2 (e~ tu + l) 2 V J 



r(x) = exp (— 2x) + 2xexp (— x) — 1. 



r' (x) = -2e~ x (x + e~ x - l) . 
Denote by xq any one of the solutions of r' (x) = 0, then 

e -*o = l- Xo , 

and 

r (x ) = (1 - x ) 2 + 2x (1 - xq) - 1 = -Xq < 0, 

For any x G (0, +oo), r (x) < since r (0) = 0, lim^oo r (x) = — 1 and 
r (xo) < 0. As a consequence, h\ (it, t) is decreasing when it fixed. Therefore, 

h\ (u,t) < lim hi (u,t) . 

Rewrite h 2 by 

2t exp (— tu) (1 — cos (vt)) 



h 2 (u,v,t) = 



(1 - exp (-2tu)) t 2 

v 2 2tuexp (— tit) (1 — cos(i;t)) 

"u (1 -exp(-2tu)) ' 
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One has 

d ( 2xexp(-x) \ e' 3x , 2 2 . 

— ^ — = -2 7 (xe Zx + l + x- e Zx ) , 

dx Vl-exp(-2a;)y ( e 2(-*) _ i) 2 V 

and 

A ( xe 2 - + ! + x _ e 2*\ = 2xe 2x - e 2x + 1. 
ax ' 

For all x > 0, 2xe 2:E — e 2:E + 1 > because 2xe 2x — e 2:r + 1 = has only one 
solution x = and 

lim (2xe 2:c - e 2 * + l) = +oo. 

B-»+00 ' 

As a result, for any x € (0, +oo), 

d / 2xexp(— x) 



dx \ 1 — exp (— 2x) 

Consequently, 



< 0. 



2xexp(— x) 2xexp(— x) 

< lim '— = 1. 



1 — exp (— 2x) x^o 1 — exp (— 2x) 
Moreover, 

1-cosx _ 2sin 2 f 2(f) 2 _ 1 
x 2 x 2 — x 2 2 

Thus for all t > 0, 

2twexp(— in) 2tuexp(— iu) 

— nm 7 7 vT = 



(1 - exp (-2tu)) t^o (1 - exp (-2tu)) 
and 

(1 - cos (ut)) (1 - cos (vt)) _ 1 

o lim Fi — ~ 7" • 

(vt) 2 _ *->o ( vt ) 2 2 
As a consequence, for any t > 0, 

/i2 (u, u, t) < /i2 (u, u, 0) . 

Therefore, when t > 0, we obtain 

, / x |1 — exp (Y— -u + i-u) i)| 2 , . , l/o o \ 

/i (u, v , t) = —, rf^- < lim h (u, v, t = — (u 2 + w 2 ) . 

v ' 1 (1 - exp (-2ut)) t ~ t^o v ' ; 2u v ; 
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Corollary 4.6 Let V> £ LFT (W N ) be parabolic with 

t/)(z, u, v, w) = (z + 2i (w, c) + b, u, v, Aw) 

where A = diag (Ax, A2, • • • , A r ) and \Xj\ < 1 for j = 1,2, •• • , r. Let Aj 
exp (—Uj + TOj) where Uj > 0, «j- > for j = 1, 2, • • • , r. // 

Imfe > c H Gc 



where 



Q = diag 



1 (u? + «?) 1 (u 2 + v 2 )' 



ylui |l - Ai| 2 ' ' 2u r |i _ A r | 2 
f/ien V mn ^ e embedded into a semigroup o/H . 
Proof. Let 



Then 
Denote by 



M = diag {—u\ + iv%, ■ ■ ■ , —u r + iv r ) . 
A = exp (M) . 

q = (J - exp (M^))" 1 (I - exp (tM H )) c, 

Qt = I- (exp (tM)) H exp (tM) , 
b t = tb. 

Since both A and M are normal matrix and \\B\\ = ||exp (M)||, 

||exp(M)|| < 1. 
According to proposition 12.41 f° r anv t > 0> 

|| exp (tM) || < 1. 
Therefore is hermitian positive semi-definite and 



1— e 1 



Qt = Qi 



-1 



1 _ e -jtn 2 



1 e — jtii r 
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Besides, 



E-enp(M H )) 1 (E - exp (tM H )) c 

l_ e *(-«i-in)* 



l_ e (-«l-ifl) 



1 _ e i(-u 2 -if 2 )t 
l_ e (-M2-™2) 



l_g(— «1 — «r) 



As a result, 
where 

Denote by 
then 

Let 



Qt = diag 



c^Qfct = c H @ t c, 



1 1— e '(-"l+ il 'l) I 



| l_gt(— u r +*«r) I 

|l-Ai| 2 (l-e- 2t "l) ' ' |l-A r | 2 (l-e- 2t "r) 

6=(/3i,/3 2 ,--- ,/3 p ) T , 



1 — gU-v-j+iVj) I 



&f Qt + ^i = y ^ 7T, 

^|l-A,| 2 (l-e 



-2tUi 



\Pj\ 



I h _ e *(-«j+™j)| 2 



i |1 — Aj| 2 (1 — e - 2t ^ 
According to Lemma 14.51 for j = 1, 2, • • • , r, 

1 



sup 5A . (i) = — 



1 



t>0 



|1-A. 



2 ' 



Further more, 



sup 

t>o 



1 — 1 J 



2 



c H Qc. 



Consequently 



cfQfct <tRec. 



Due to Theorem 14.41 ^ can be embedded into a semigroup of H 



iV 
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Lemma 4.7 Let ip be a parabolic automorphism o/H with 

ip (z, u, v) = (^z + 2i (u, a) + i \a\ 2 + b, u + a, Dvj 

where b is a real number and D is diagonal, a (D) C T\ {1}. Then ip can be 
embedded into a semigroup of Bn ■ 

Proof. Let 

ipt (z, u, v) = (z + 2i (u, ta) + it 2 \a\ 2 + tb,u + ta, exp (it@) v"^j , 

then clearly, for every t > 0, ipt is an automorphism of M N and {tpt} is a 
semigroup of H . Therefore V can be embedded into some semigroup of 
Sjv- ■ 

Theorem 4.8 Let ip G LFT (M^) 6e parabolic with 

ip (z, u, v, w) = (z + 2i (u, a) + 2i (w, c) + b,u + a, Dv, Aj/j) 

where A = diag [X\, - ■ ■ , A r ) and |Aj| < 1 /or j = 1,2,- •• , r. Let Aj = 
exp (— Uj + ivj) where Uj > 0, G [0, 27r) /or j = 1, 2, • • • , r. // 

Im6- |a| 2 > c^Gc 

where 

6 = cfeas — — — y, • • • , — — — f , 

y2ui |i - Ail 2 2u r |1 - A r | / 

i/ien ip can be embedded into a semigroup ofW N . 
Proof. Let 

Tip (z, W) = (z + 2i (u, a) + fy, u + a, Dv, w) , 
p^p (z, W) = (z + 2i (w, c) + OtyjU, v, Aw) , 

with b = oty + P^p and Im(/3^,) = |a| 2 ,a^, G R. Then r^, is a parabolic 
automorphism and according to Lemma [47] r^, can be embedded into r^ jt 
with 

Tip t t {z, u,v,w) = (z + 2i (u, ta) + it 2 \ a\ 2 + t Re/3,/,, u + to, exp (tG^i) , w) ■ 
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According to Corollary 14.61 p^ can be embedded into a semigroup p^ t t of 
U N with 

p^.t (z, u, v, w) = (z + 2i (w, c t ) + a$ tt ,u, v, exp (tQ A ) w) 
for some suitable ct,a^ tt and exp (t@A)- Let 



= T^t O T^, )S O O p^, )t 

= t^, s o o o 

= T^ )S O s O T ^t O =1p s 1p t 

= 1pt° 4>s- 



As a consequence, ^ can be embedded into a semigroup of H . ■ 
4.3 The hyperbolic case 

Just as Theorem 14.41 in the case of hyperbolic, we have: 
Proposition 4.9 Let ip G LFT(M N ) with 



where A > 1, D is diagonal and a (D) C T\ {1}. Suppose A is non-singular 
and there exists a matrix M such that 



ipt = T ip,t ° Pip,t 



then 



ip (z, U, V, w 



) = ( Xz + 2i {w, a) + b, yXu, VXDv, yf\Aw 



exp (M) = B. 



Denoted by 



At 
A t 



exp (tM) , 



A 




H 



) 



a 
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1. Qt is Hermitian positive semi-definite; 

2. for any t > 0, 

Im&t > — (Qja t ,a t ) ; 
At 

3. for any t > 0, QtQt a t = &t, 

then if) can be embedded in to a semigroup ofW N . 

The proof of the above theorem is just the same with Theorem 14.41 we 
omit it here. 



Lemma 4.10 Let 

1 \ p t(u+iv) _ i | 2 

h (A, u, v, t) 



(1 - e~ xt ) (1 - e xt e 2ut ) ' 

Then ^ 

h(X,u,v,t) < lim h(X,u,v,t) = - — — — — (u 2 + v 2 ) 
t->o+ A (2u + A) 

for any A + 2u < 0, A > 0, v > and u < 0. 
Proof. Since 

1 (1 — exp (ut)) 2 + 2exp (ut) (1 — cos vt) 

h(X,u,v,t) = (1 _ e _ Ai) (! _ e At e 2 U t) 

1 (1 — exp(ut)) 1 2 exp (ut) (1 — cos ut) 



(l-e~ xt ) (l-e xt e 2ut ) (I - e~ xt ) (1 - e xt e 2ut ) 

let 

, * . \ -. { 1 (1 -exp(ut)) 2 \ 

fcl ( "' A ' * } = M • (1 - iSgi*) J ' 

then 

d d / 1 (1 - exp(ut)) 2 \ 

(u, A, t) - - In y {l _ e _ xt) ■ (1 _ eAtg2uf } J 

1 ^ 2ut exp (ut) ^ -At exp (-At) (A + 2u) t exp (A + 2u) t 



t \ 1 — exp (ut) 1 — exp (—At) 1 — exp (A + 2u) t 

Denote 

. . x exp (x) 

g(x) - 



1 — exp (x) 
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then 

dx 2 \1 — exp (x) / (e x - ly 
thus when x G (— oo,0), we get 

</' (ar) < 0, 
as a consequence g is convex, and 

g{ut) >^{g{-\t)+g{{2u + \)t)). 

Therefore when t £ (0, +00), h\ is decrease. Consequently, 



1 (1 - exp (ut)) 2 , 1 (1 - exp (ut)) 

< lim 



2 



(1 - e~ A ') (1 - e xt e 2ut ) ~ t^o (1 - e~ xt ) (1 - e xt e 2ut 

,2 



u 



A (2m + A) 

Notice that when t G (0, +00), the inequality 

exp («t)t 2 < (1 -exp(ut)) 2 

holds, so 

1 2exp(ut)t 2 1 2 (1 - exp (ut)) 2 < 2u 2 



(1 - e~ xt ) (1 - e xt e 2ut ) ~ (1 - e~ A *) (1 - e A 'e 2 «*) ~ A (2« + A) ' 
On the other hand, 

(1 — cosvt) , (1 — cos ft) 1 9 

^ = '- < lim ^ = '- = -v 2 , 

t 2 ~ t^o t 2 2 ' 

thus 

1 2 exp (ut) (1 — cosvt) < 2u 2 1 2 2 v 2 



(l-e- xt ) (l-e xt e 2ut ) ~ A (2u + A) 2 A(2u + A)' 

But 

1 2 exp (ut) (1 — cos ft) v 2 
hm • — — = 

t^o(l- e - A *) (l-e xt e 2ut ) A (2u + A) ' 
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therefore for any t € (0, oo), one has 
h (A, u, v,t) < h (A, u, v, 0) 



= lim 



1 (1 — exp (ut)) + 2 exp (ut) (1 — cos vt) 



t->o (1 - e~ xt ) 
A (2« + A) v 



(1 - e A *e 2w *) 



Theorem 4.11 Let £ LFT (W N ) be hyperbolic with 

ip (z, u, v, w) = (Az + 2i (w, a) + b, y/\u, V\Dv, VXAw^j 

where A = diag (Ai, • • • , A r ) and < 1 for j = 1, 2, ■ ■ ■ , r. Zei 

Aj = exp (— Uj + ifj) 
with Uj > and G [0, 27r). // 

Im6 > (6a, a) 

e = tfi ,' A-l (^+ Ul ) 2 + vl A-l (^ + n r ) 2 + , r 2 



2iti In A 



A-\/AAi 



2 ' ' 



2u r In A 



A - VXX, 



then ip can be embedded into a semigroup ofW N . 
Proof. Let 



then 

Denote by 



M = diag (— u\ + iv±, ■ ■ ■ , — u r + iv r ) , 
A = exp (M) . 

A t = A*, 

A t = exp (tM) , 

a t = (A - \/L4") _1 (A t - x/\ t Af ) a, 

°t = 

1-A ' 

Qt = £-AfA t . 
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Then 
where 



(Qfat, a t ) = a H diag [a\ (t) , • • • ,a s (t)) a, 



Uj (t) 



\t _ y/Xf^-Ui-toi) 



1 2t 



1 _ g-t^+Uij-H^ 



(1-e- 



A - \/Ae-^ 



(1 - e" 2 '^) 



A - y/XXj 



2 ' 



Notice that according to Lemma f4. 101 for — h Uj > 0, t>j > and i > 0, 

2 



A f 



1 - e" 





1 _ e -*(^+«i 


)+iVj 




Cl_ e ilnA e -2t( Uj + Y)^ 


(I" 


. e -tlnA^ 



< 



1 



In A • (-2u 



■j J 



2uj In A 



Thus we get 



1 (A-l) 



A* (A* - 1) 

Our conclusion follows from Proposition 14.9 



Qt a t,a t ) < a H Qa < b. 



4.4 The case of dimensional 2 and automorphisms 

When considering our question on C 2 , our conclusion would looked very 
simple. 

Let if G LFT (B 2 ) be parabolic, then tp is conjugated to 
4>1 (u\,u 2 ) = (ui + 2ibu 2 + c, Xu2) 



or 



or 



1p2 (U1U 2 ) = C 



id. 



u\ + c, e u 2 



1P3 (ui,u 2 ) = (u\ + 2iau 2 + c,u 2 + a) , 
where a, 6, c 6 C and A G (0,1). In the first case, let 

A = exp (— [i + iv) 



30 



where \i > and v G [0, 2ir). If 

|biV + ^ 2 ) 



Imc > 



/i|l-A| 2 



Then ip can be embedding into a semigroup of B2. Since ip 2 and ^3 can 
always be embedded into a semigroup, in the second and the third cases, ip 
can always be embedded into a semigroup. 

When <p G LFT (B 2 ) is hyperbolic, according to the proof of Theorem 
T6l 92 is conjugated to 

ipi (ui,u 2 ) = ( Aui + % (u 2 , b) + c, \/Aau 2 



or 



i>2 1*2) = (Aui + a, ii 2 + 6) • 

Let a = e^ 7 . 

can be embedded into a semigroup of H 2 if 



Imc > 



A-l (^+/3) 2 + 7 2 



2 ^ lnA A-VAa 2 



When concern about -02) we have the following theorem: 
Theorem 4.12 Let ip G LFT (H 2 ) wi/i 

ip (u\,u 2 ) = (A«i + a, u 2 + 6) . 

If 

Ima>^|6| 2 , 
In A 

i/ien i\) can be embedded into a semigroup ofM 2 . 
Proof. It is easy to verify that 

and 



dt 

thus for any t > 0, we obtain 



'* (a*lnA-A* + l) = iA*ln 2 A, 



A* - 1 , A* - 1 , , 
> hm = In A. 

t t->o t 
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As a consequence, 



1 



Let 



(A* - l) 2 " 
= ( A* U1 + 



A*-l 
A-l 



In 2 A' 



a, «2 + i& 



For any t > 0, 



Im 



A*-l 
A-l 




"A-l In 2 A 



A f -1 (A-l) 



|6| 2 



>N 2 . 



According to Theorem 13. 6} ipt is a self-map of H 2 and thus {ip t } is a semi- 
group of M 2 . Hence if} can be embedded into a semigroup of H 2 . ■ 

When (p is an elliptic automorphism, <p is conjugated to a unitary trans- 
formation of i?7\r and therefore <p can always be embedded into a semigroup 
of B^. In the non-elliptic case, if <p is a parabolic automorphism with at 
least one invariant slice, then by Theorem 4.3 of [5], there exists a unitary 
matrix U, such that 99 is conjugated to 



where a is the boundary dilation coefficient of ip, c £ R, thus by Theorem 
14.61 V 3 can be embedded into a semigroup. If 99 is a hyperbolic automorphism, 
then by Proposition 13. 9| (p is conjugated to 



where U is a unitary matrix, thus by Theorem 14.91 <p can be embedded into 
a semigroup of B^. Together with Lemma 14.71 we obtain 

Corollary 4.13 Let <p be an automorphism of Bjy, then ip can be embedded 
into a semigroup of B^. 
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